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A lattice Boltzmann simulation of a viscous fingering instability with miscible components is
performed. The core ingredients of the instability are related to the molecular diffusion and the
viscosity discrepancy, or more specifically for the lattice Boltzmann model: inter-molecular friction
forces and partial viscosities. Generally, the instability occurs when a less viscous fluid displaces a
more viscous fluid in a porous medium. The viscous fingering is first studied in the case of a binary
mixture. At early times in the linear regime, the growth rate of the perturbation is computed for
different Péclet numbers. The growth rate, as well as the most dangerous and the cutoff numbers,
increase with the Péclet number. A good agreement is found with a linear stability analysis in
which a quasi-steady-state-approximation is used. For intermediate times when strong non-linear
interactions take place, the development of the instability is described globally through the mixing
length. A high Péclet number leads to more intense instability. Two regimes are visible. The
diffusive regime when fingers remain
small and the growth of the mixing length is dominated by
√
diffusion and proportional to t? . The convective regime when fingers become larger than the
diffusive length and the growth of the mixing length is proportional to t? .
Finally, it is shown that the LBM model can describe complex diffusion specific to the case of
three species. For instance, viscous fingering could be induced by reverse diffusion despite having
a stable initial flow configuration. At early times, each species exhibits different growth rates, and
then converges to the same value. After, the same diffusive and convective regimes are also recovered
for the three species but are delayed in time due to the complex diffusion mechanisms.

I.

INTRODUCTION

Fluid flows and mixing in porous media play a key role in numbers of real-world engineering problems such as in
chromatographic columns, secondary and tertiary oil recovery, carbon dioxide sequestration, and micro-fluidic devices.
Interfacial instabilities can be detrimental for the previous processes or on the contrary a way to improve the mixing.
High Reynolds number flows can be actively stirred by turbulence but other mechanisms are needed in a porous
medium. The generation of an interfacial instability is one mechanism among others that can improve the mixing.
This instability can be driven by chemical reactions, density stratification (Rayleigh-Taylor instability), or difference in
viscosity. Here, we focus on the latter, which is called viscous fingering or Saffman-Taylor instability. This interfacial
instability occurs when a less viscous fluid displaces a more viscous fluid in a porous medium [1]. Finger-like patterns
emerge and grow, exhibiting complex dynamics. The influence of the instability should not be underestimated. Using
data from a CO2 sequestration project, the mixing zone after a shutdown time of approximately 150 years is estimated
around 50 km long whereas it would be roughly 5m if only pure diffusion is considered [2].
Porous media, such as natural soils or sedimentary rocks, are incredibly difficult to model due to the heterogeneous structure and composition of the pores at many different scales. Since they are opaque, most experimental
investigations of the viscous fingering phenomena are carried out on Hele-Shaw cells. A Hele-Shaw cell is composed
of two parallel plates with a small gap. This flow configuration mimics the drag induced by a porous medium when
the gap is small enough. From a numerical point of view, the simulation of a large-scale flow at the pore scale is
often impractical because of long CPU time and excessive memory consumption. Hence, a volume average approach
is usually used to overcome these difficulties. In this case, Darcy or Darcy-Brinkman semi-empirical equations are
solved and porosity, permeability, and other measurements are defined [3].
Since the pioneering work of Hill [4] in 1952 and Saffman and Taylor [5] in 1958, extensive investigations have been
performed on both immiscible and miscible viscous fingering. A distinctive characteristic of miscible fluids is the lack
of a sharp interface and surface tension. Mixing produces changes in the fluid since the properties of the mixture
vary continuously while diffusion occurs. Usually, the viscous fingering is modeled by using Darcy’s law and a scalar
transport equation for the concentration. A relation between the viscosity and the concentration of the components

∗
†

Corresponding author: contact@lvienne.com
simon.marie@lecnam.net

2
must be defined. Most articles follow the standard literature rather than physical rigor and assume an exponential
dependence.
Studies of the viscous fingering instability can be divided into two categories: linear stability analyses and non-linear
simulations. The linear stability analysis is a classical tool to study the evolution of small perturbations that leads
to instability. The main mathematical challenge of the miscible viscous fingering is due to the unsteady base (i.e.
unperturbed) state caused by diffusion. In practice, the quasi-steady-state approximation is employed and the linear
stability analysis is applied on a frozen base state at successive frozen times [6, 7]. Other methods such as initial
value problem or non-modal analysis (transient growth analysis) are possible. Excluding the transient growth at very
short times, the different approaches are in good agreement [6, 8]. As its name implies, linear stability analyses are
restricted to early times. As the perturbation develops, non-linear interactions occur and the linearized equations are
no longer valid. This leads to the second category: non-linear simulations where no approximation is made, thus the
full life cycle of fingers, from onset to shutdown, can be studied. In this case, the governing equations are solved with
a stream-function formulation using a spectral method [6, 7, 9, 10] or a finite-difference method [2, 11]. The former
is very efficient whereas the latter can be numerically stable for any viscosity ratios.
Lattice Boltzmann method (LBM) was also used to study the viscous fingering phenomenon. In 1992, Holme and
Rothman [12] propose a LBM for miscible binary fluids where one distribution function models an advection-diffusion
equation, and a second distribution function is employed for the mixture density and momentum balance equations.
Then, they simulate the viscous fingering instability using their miscible model with a variable mixture viscosity and
a drag force that mimics the effect of a porous medium. With a similar miscible LBM approach, Rokotomalala, Salin,
and Watzky [13] study the miscible displacement of two fluids with different viscosities between two parallel plates.
In the absence of a porous medium, a single finger may appear depending on the diffusion and the viscosity contrast.
This can be seen as a limit case of the viscous fingering instability. Lattice Boltzmann simulations (for e.g. [14, 15])
are usually applied to pore scale simulations in which the pore geometry influences the flow. More recently, Lei and
Luo [16] examine the dissolution-driven density instability with a reaction at the pore scale. Two remarks can be
made regarding the pore scale representation of the porous medium, and the way how diffusion is taking into account
in Lattice Boltzmann models. At pore scale, the geometry of the pores influences the dynamics of the instability. On
the other hand, the assumption of a Darcy flow made in the classical literature [1] means that diffusion acts quickly
to homogenize flow structures at the pore scale, and a global variable as the permeability of the porous medium
can be defined. Simulating a Darcy flow with a Lattice Boltzmann model makes possible here to compare with the
classical (non-LBM related) literature about the viscous fingering instability. Secondly, and contrary to the previous
LB simulations where an advection-diffusion equation for the concentration is solved, a more natural approach to deal
with diffusion in the frame of the lattice Boltzmann method is the use of an inter-molecular friction force [17, 18]
or a more complex collision model [19–23] to take into account diffusion between species. Indeed, the distribution
function for the diffusion equation lost its molecular meaning and is no longer associated with the physical description
of a species, i.e., collisions of molecules. More specifically, the diffusion equation is postulated and a kinetic scheme
is tailored so as to solve it.
Here, neither transport equation for the concentration, nor Darcy equation with exponential viscosity dependency
is solved. Each species dynamic is governed by its own kinetic equation where diffusion is taken into account through
an inter-molecular force, and the viscosity of species stemmed from the kinetic theory of gases. Adopting a lattice
Boltzmann approach, the porous medium effects are taken into account by the Brinkman force model, adding a drag
force to the collision operator. With a different approach employed here, we will first verify if we recover well-known
results for the binary viscous fingering. Then by taking advantage of the multi-species lattice Boltzmann model, we
will explore the effects of multi-component diffusion that can affect the dynamic of the viscous fingering instability.
The structure of the article is organized as follows. In the first section, we present the lattice Boltzmann model used
for multiples miscible species and the numerical model used for the porous medium. The second section is dedicated
to the numerical simulation of the viscous fingering instability with two and three species.

II.

NUMERICAL MODEL

The simulation of the miscible viscous fingering instability in the present study is mainly led by two different
aspects. The first one relies on the ability to take into account several components with different viscosity and
diffusion properties; the second one is the ability to model the presence of a porous media in the simulation. Both of
these steps are overcome by adding a source term in the base equations and are detailed in the following.

3
A.

Multi-components flows with the Lattice Boltzmann method

The lattice Boltzmann method is a specific discretization of the Boltzmann equation [24] and has gained some
popularity as an alternative method for simulating fluid flows by solving a simplified formulation of the kinetic model.
A natural approach to extend the lattice Boltzmann method to multiple components is to define a distribution
function, fαm , for each species m. The macroscopic quantities of a mixture composed of N species are given as usual
by the moments of the distribution functions, such as the density of the m-th species is
ρm (x, t) =

X

fαm (x, t),

α

1 ≤ m ≤ N,

(1)

and the species momentum is
ρm (x, t)um (x, t) =

X

fαm (x, t)eα ,

α

1 ≤ m ≤ N,

(2)

where eα are the discrete kinetic velocities.
In the case of a single component flows, the Bhatnagar-Gross-Krook, BGK, collision operator (or a similar more
advanced collision operator) is often used and captures the relaxation of the distribution function toward an equilibrium
state according to a relaxation time. Unfortunately, there is no unique or well-established relaxation collision operator
for mixtures. Hence, different lattice Boltzmann methods have been developed depending on the underlying kinetic
theory [18–23]. We use the model proposed in Ref. [18] where the discrete kinetic equation reads
fαm (x + eα δt , t + δt ) = fαm (x, t) −
+δt (1 −

i
δt h m
fα (x, t) − fαm(eq) (x, t)
τm

δt
)S m (x, t)
2τm α

(3)

for 1 ≤ m ≤ N.

The first line of Eq. (3) is the usual relaxation toward the local species equilibrium state
fαm(eq)


= ρm ωα


(um · eα )2
um · um
um · e α
+
−
1+
,
c2s
2c4s
2c2s

(4)

where ωα are the lattice weights and cs is the pseudo-speed of sound. The relaxation process is related to the viscous
dissipation of the species. Performing a Chapman-Enskog expansion procedure, one finds that the relaxation time
depends on the species viscosities according to
µm = ρm c2s (τm −

δt
).
2

(5)

The species viscosity depends on the molar fraction of the different species composing the mixture, the molar masses,
and the pure viscosities (when the species is alone). An analytical approximation of the species viscosity can be
obtained via the kinetic theory of gases [17, 25] resulting in
xm µ0,m
µm = PN
,
n xn Φmn

− 12 "

1 
 1 #2
1
Mm
µ0,m 2 Mn 4
Φmn = √
1+
1+
,
Mn
µ0,n
Mm
2 2

(6)

(7)

where xm , Mm , µ0,m are respectively the molar fraction, the molar mass, and the pure viscosity of the m-th species.
Note that, in the present study, we will assume that species have the same molar mass. A mixture viscosity can be
PN
defined as µ = m µm and Wilke’s formula for mixtures is recovered.
In addition to the viscous dissipation, the diffusion between species is of main importance in mixtures. The second
line of Eq. (3) is a source term for each species, widely used to include forces in the lattice Boltzmann algorithm [26],
Sαm


= ωα


eα − um
(eα · um )eα
+
· Fm .
c2s
c4s

(8)
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Here, Fm = FD,m + Fporous,m where Fporous,m is the influence of the porous media, which will be detailed later, and
FD,m is the inter-molecular friction force responsible for the diffusion between species, which can be expressed as
FD,m = −p

N
X
xm xn
(um − un ).
Dmn
n=1

(9)

This force is a summation of binary interactions between species and depends on the species velocities difference, the
PN
Maxwell-Stefan diffusion coefficient Dmn , molar fractions, and the total pressure given by Dalton’s law p = m pm
2
where the partial pressure is pm = ρm cs . The corresponding macroscopic governing equations, extensive details, as
well as validations of the present multi-species lattice Boltzmann model can be found in References [17, 18].
In general, diffusion and advection are dealt with two separate mechanisms: one acting respectively on the species
mass and the other acting on the mixture momentum. In contrast, by employing an inter-molecular friction force, the
diffusion and advection are coupled through the species momentum. Diffusion and advection mechanisms are closely
related in several physical phenomena, such as in the viscous fingering instability.
B.

Porous medium in the lattice Boltzmann method

Simulating a flow through a porous medium at the pore scale requires a consequence amount of computational power
and memory to obtain results for a large domain and a reasonable time frame. Instead, we consider an adequate scale
where global variables such as the permeability of the porous medium can be defined. In the case of a single fluid,
the Brinkman equation adds a drag force to the Stokes equations,
∇p = −



µ
u + ∇ · µe ∇u + (∇u)T
K

(10)

where p is the pressure, K is the permeability of the medium, u is the fluid velocity, and µe is the effective viscosity
which may not be equal the fluid viscosity. The Brinkman equations are a convenient transition model between
the Darcy regime (K  L2ref µ/µe , with Lref the macroscopic characteristic length) and the Stokes regime (K 
L2ref µ/µe ). The distinction between both regimes is possible via the Darcy number Da = K/L2ref and the ratio µ/µe .
One can show that in a Hele-Shaw cell, the flow is also governed by Darcy’s law with an equivalent permeability of
b2 /12 in the limit of low Reynolds number flow and b/Lref → 0, where b is the small gap width. It is to be noted that
the dynamics of the viscous fingering is mainly governed by the Darcy equation [1]. Therefore Stokes’ term is not
of primary importance, and the effective viscosity is taken equal to the fluid viscosity. Indeed, most of the literature
only consider Darcy’s equations. The latter equations correctly described flows in Hele-Shaw cells and simple porous
media, whereas Darcy-Brinkman’s equations are often used as a transition model between porous flow and Stokes
flow, such as in the case of fractured porous media.
Now we consider a homogeneous porous medium and a zone where the viscosity varies greatly. Under suitable
assumptions, the flow follows a one-dimensional Darcy’s law, and the pressure differential from both sides of the
fictional interface as a result of a virtual displacement of δx reads [1]
δp = (plef t − pright ) = (µright − µlef t )U/Kδx

(11)

If the total net pressure δp is positive, then any small displacement will amplify, resulting in an instability. From
this simple argument, the instability mechanism is driven by the viscosity difference on either side of the interface.
If the displaced fluid is more viscous than the displacing (µright > µlef t ), then the configuration is unstable. On the
contrary (µright < µlef t ), any small interface perturbation will be damped, and the configuration is stable.
How to model a porous medium in the lattice Boltzmann framework is an open subject, and different methodology
has been presented in various publications [27–33]. The two main strategies are based on a different approach. The
first one can be interpreted as a particular boundary condition, and it ensures a local description of the medium
by imposing a weighted bounce-back scheme on each mesh. This strategy is known as the gray lattice Boltzmann
(GLBM) scheme [27, 28, 34]. The other strategy is less specific to the LBM framework and mimics the porous medium
by adding a drag force to the governing equations. This latter methodology will be used for this study and will be
further detailed hereafter. However, some numerical comparisons of both of these strategies can be found in [17] who
have shown that the Brinkmann and the GLBM approaches would give similar results for the present viscous fingering
instability.
In this section, we briefly present how to model the porous medium within a lattice Boltzmann framework. As
described earlier, we seek an average view of the porous medium, and the equivalent target macroscopic equation
is Darcy (-Brinkman) ’s equation. In the Brinkman force (BF) model, the porous medium resistance is included
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explicitly through a drag force in the lattice Boltzmann equation, e.g., [13, 29–33]. We follow here a similar approach,
and the forcing term writes as
Fporous,m = −

µm
um .
K

(12)

This strategy is local and has a negligible computational cost since we already implement a source term because of
the inter-molecular friction forces. As mentioned in Refs.[35–37], the numerical permeability depends lightly on the
viscosity. This nonphysical variation can be alleviated by keeping the so-called magic number Λ constant (see [29, 35–
m
38]). We use the multiple relaxation times (MRT) collision model with Λ = 3/16 corresponding to sq = 8 2−1/τ
8−1/τm ,
where sq refers to the relaxation time of the odd order moments [17]. The macroscopic equations described in Ref. [18]
are thus supplemented by the porous drag force Eq. (12), and it is possible to simulate both Darcy and Stokes’ regimes.
Since most of the literature deals with Darcy’s law, we choose to focus on this regime. In consequence, we select
a small Darcy’s number such as the Darcy’s terms are predominant compared to the Stokes’ terms. More details
regarding the influence of Darcy’s number can be found in the Appendix A.
III.
A.

NUMERICAL SIMULATIONS
Viscous fingering with two species

The viscous fingering instability occurs when a less viscous fluid invades a more viscous fluid. In the case of
miscible fluids, if the interface between fluids is sharp enough, finger-like patterns emerge and grow, exhibiting
complex dynamics. Following the literature, dimensionless parameters are defined, such as the log-viscosity ratio, the
Péclet number (ratio of the advective transport rate and the diffusive transport rate), and the Darcy number:


µ0,2
U Lref
K
,
(13)
R = ln
, Pe =
, Da =
µ0,1
D12
Lref 2
where U is the injected velocity, and Lref is the reference length. Following Ref. [7], the characteristic scales are
based on the convective length Lref taken as the height of the domain, and the reference time is tref = Lref /U . If
R < 0, the invading fluid is more viscous than the resting fluid, and the interface is always stable. On the other hand,
if R > 0, the invading fluid is less viscous than the resting fluid, and the interface between the two fluids may be
unstable. The number of fingers increases with both the Péclet number and the ratio R. We recall that the relation
between the pure viscosity and the species is given by Eq. (7). The influence of different parameters on the instability
is studied. First, we present the numerical configuration employed to simulate the viscous fingering instability. The
early times of the instability are compared with results from linear stability analysis. For intermediate times, we focus
on the evolution of the mixing length induced by the fingering. The effects of the Péclet number are highlighted.
1.

Numerical configuration

In the following simulations, the fluid consists of two species having equal molar masses. The resting mixture
is composed of molar fractions x1 = 0.1 and x2 = 0.9 and these are swapped for the injected mixture (x1 = 0.9,
x2 = 0.1). The domain considered is two-dimensional and we impose periodicity at the top and bottom boundaries.
At the left and right boundaries, a constant velocity condition equal to U is applied for both species. In the lattice
Boltzmann method, a convenient system of units called lattice units (lu) is commonly employed. In this system, the
time and space steps are set equal to one. Conversion factors and non-dimensional numbers are then used to compare
the simulation with experimental or other numerical results. All the presented quantities are expressed in this system
otherwise stated. Each simulation is initialized with an almost sharp interface with a small perturbation so as to
trigger the instability,



0.9 + 0.1
x − 0.1
√
x1 (x, y, t = 0) =
+ (0.1 − 0.9) 0.5 × erf
2
t0
(14)


−(x − 0.1)2
+r(y) × exp
,
t0
x2 (x, y, t = 0) = 1 − x1 (x, y, t = 0),

(15)
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where the function r returns a random number which is uniformly distributed in the interval [0, 10−5 ], and the same
seed is used for the pseudo-random generator in each simulation. We set t0 = 10−6 to avoid strong gradients. The
initial total pressure is computed from Darcy’s law for the total mixture
p(x, y, t = 0) = pref + (1 − x)

µ1 (x) + µ2 (x)
U,
K

(16)

with a unity reference pressure, and the distribution functions are initialized at their equilibrium values. A sketch of
the numerical configuration is displayed in Figure 1.

FIG. 1: Sketch of the initial configuration and boundary conditions.
The viscous fingering instability is simulated here using a two-dimensional domain, and we may question what
it implies. In reference [39], Oliveira and Meiburg discover a non-linear mechanism called inner-splitting, which is
specific to the three dimensional visous fingering instability. However, according to Homsy and Zimmerman [9], the
non-linear mechanisms found in two-dimensional persist in three dimensions, and for long times the evolution of the
fingers remains unchanged from two dimensions. In particular, global variables, such as the mixing length, do not
dramatically change from two dimensional to three dimensional simulations [10]. This suggests that two-dimensional
simulations are sufficient to capture much of the essential physical features of viscous fingering. We also make a few
additional assumptions. The porous medium is assumed to be isotropic, and the permeability is given by a scalar
value. Viscous fingering in anisotropic media is studied utilizing linear stability analysis in Ref. [40]. The flow is
more stabilized when the ratio of longitudinal to transverse anisotropic permeability is increased. Similarly, we only
consider molecular diffusion, and we do not take into account the (anisotropic) dispersion caused in the flow at the
pore scale since a general Taylor dispersion model is not known. Tan and Homsy [6] find from a linear stability
analysis that the flow is more stable when the ratio of longitudinal to transverse anisotropic dispersion is decreased.
With these assumptions, we will be able to compare our results with classical literature.
A fine spatial discretization is required in order to resolve all the length scales of the instability accurately, especially
at high Péclet numbers. Preliminary simulations are performed to find the appropriate grid spacing. Three square grids
are considered with different resolutions corresponding to the number of vertical lattice nodes ny = 1000, 2000, 4000
where Lref is kept constant. The initial random perturbation is based on the grid where ny = 1000, and interpolations
are used for higher resolutions. Otherwise stated, we set
R = 3 (µ0,2 ≈ 20µ0,1 ), Pe = 5000, Da = 6.25 × 10−8 ,
√
U Lref ρref
U
Re0,1 =
= 10, Ma =
= 3 × 10−3 .
µ0,1
cs

(17)
(18)

With this specific value of Mach number, the inlet velocity is equal to 10−3 lu. This corresponds to a low Reynolds
flow in the Darcy regime at a moderate Péclet number and viscosity ratio. We recall that two different systems of
units are defined. There is the lattice unit system, where the time and space step are equal to one, and the physical
system. Nonetheless, all the dimensionless numbers are equal for either system of units.
For each resolution at different times, we carry out a fast Fourier transform (FFT) of the fingers. In particular, we
take a slice of the domain where the mean molar fraction along the transverse direction is included in the interval
[0.11, 0.89]. Afterward, we average along the longitudinal direction and apply a FFT to obtain the spectrum of the
interface deformation according to the y-axis spatial frequency as plotted in Figure 2. Results for different resolutions
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are compared at the same non-dimensional time

freq×G/σ(G) freq×G/σ(G) freq×G/σ(G)

t∗ =

10−8

10−17

10−20

tU
t
=
.
tref
Lref

(19)

t∗ = 0.03125

ny = 4000
10−3

10−2

10−1

t∗ = 0.125

ny = 2000
10−3

10−2

10−1

t∗ = 0.375

ny = 1000
10−3

10−2

10−1

freq

FIG. 2: Power spectral density at different times t∗ for different resolutions equivalent to blue, ny = 4000; orange,
ny = 2000; green, ny = 1000. G = x̂x̂† where x̂† is the conjugate of the Fourier coefficients x̂. G is normalized by its
variance: σ(G).
For short times, the lowest resolution corresponding to ny = 1000 is not able to resolve the high frequencies of the
instability. As the time progresses, larger structures appear and are captured by three resolutions, but for ny = 1000
the amplitude of the fingers is slightly over-predicted at t∗ = 0.375. Resolutions corresponding to ny = 2000 and
ny = 4000 give equivalent results suggested that the main length scales of the instability are sufficiently well-resolved.
Nonetheless, we point out that global quantities such as the mean molar fraction or the mixing length are less sensitive
to the resolution and can be adequately captured even with a very coarse grid. These results are in agreement with
the linear stability analysis of a steep initial profile made in Ref. [7]. At the initial time t = 0, an analytical dispersion
curve can be obtained, and the cutoff wave-number is found equal to RP e/4 = 3750 corresponding to a wave-length
of 0.0017 for Pe = 5000 and R = 3. With a resolution of 0.001, the grid ny = 1000 is inadequate for the present Péclet
number. We will use mainly two resolutions, which correspond to two different lattice sizes. ny = 4000 is employed
to capture all the small scales accurately at early times, and the aforementioned cutoff wave-length is resolved with
6.7 points per wave-length. In addition, a lower resolution equivalent to ny = 2000 is chosen for simulations dedicated
to intermediate times so as to reduce the computational cost. Indeed, a longer domain is needed to observe the
development of the instability since the instability is convected at the injected velocity. Unfortunately, a formulation
of the lattice Boltzmann scheme in the reference frame moving with the velocity of the injected fluid is not trivial and
requires the use of rectangular lattices, which are beyond the scope of this work (see for instance Refs. [41–43]).
The study will be divided into two parts: early times and intermediate times. For early times, we will compare our
results with the literature where the concentration goes down to zero. This is not possible with the present model
since a tangible amount of species has to be modeled. The molar fractions of the invading mixture are therefore set
to x1 = 0.999, x2 = 0.001 and are swapped for the displaced mixture. For intermediate times, molar fractions 0.9 and
0.1 are sufficient to obtain the global behavior of the instability with a coarse grid.
2.

Early times

At early times, the interface between the two mixtures spreads because of diffusion and starts to deform. At the
very beginning, the flow is linearly unstable, and perturbations grow exponentially. The onset of fingers is explored
by many authors using linear stability analysis [1, 2, 6–8, 40]. The Darcy equation, the continuity equation, and the
transport equation for the concentration are linearized. A dispersion equation is after solved to compute the growth
rate of the perturbation. An analytical solution is only known for the initial time, and numerical methods have

8
then to be employed. Linear stability analysis can also be directly performed in the lattice Boltzmann framework
(see. [44, 45]) however this approach is still in its infancy and is only applied to simple single fluid flows. In this study,
we carry out non-linear simulations with the aforementioned lattice Boltzmann model and compute the growth rate
of the perturbation a posteriori. The present approach has the advantage to avoid the development of another tool
and is valid for the whole instability including the non-linear stage. The molar fractions can be decomposed into a
base state x0m and a perturbative component x0m ,
xm (x, t) = x0m (x, t) + x0m (x, t).

(20)

We assume that the perturbation can be expressed in the form of
x0m (x, t) = x0m (x) exp (σt)

(21)

where σ is the growth rate of the perturbation. The dispersion curves are obtained by applying a fast Fourier transform
(FFT) along the transverse axis:
x0m (x, t) = x0m (x, t) − xm (x, t)
x̂(x, k, t) = FFTy (x0m (x, t))
sZ
x̂ · x̂† dx
a(k, t) = ||x̂(x, k, t)||2 =
σ(k, t) =

d ln (a(k, t))
dt

(22)
(23)
(24)
(25)

where x̂† is the complex conjugate of x̂, k is the wave-number, and we choose a time step sufficiently small such as
the growth rate can be considered as constant between two derivation steps. a represents a measure in the Fourier
space of the amplification of the perturbed molar fraction. Only relevant growth rates are of interest, consequently
the growth rate of perturbations whose amplitude is less than 10−4 × max∀k (a(k, t)) is filtered out. The perturbative
components are computed by subtracting the components from the non-linear perturbed solution to the components
from the base state. This base state is obtained by simulating the same conditions with no initial perturbation. No
finger emerges in this case. Therefore two simulations with and without initial perturbations are performed for each
case studied.
Figure 3 shows the growth rates computed from Eq. (25). Thus, at early times, the linear development of the
instability is well captured by the proposed method. The growth rate decreases in time. The most dangerous wavenumber (kmax ) corresponding to the largest growth rate as well as the threshold (first wave-number at which σ = 0)
and the cutoff (kc ) (last wave-number at which σ = 0) wave-numbers are reduced as the instability progresses resulting
in widening fingers.
In Figure 4, the growth rate for different Péclet numbers at t∗ = 0.01 and t∗ = 0.1 is compared with the results
from Ref. [7] where a linear stability analysis using a self-similar quasi-steady-state-approximation is employed. A
close overall agreement is found for the different Péclet numbers. The discrepancies between quasi-steady-stateapproximation linear stability analyses and non-linear simulations are more pronounced at early times (t∗ = 0.01)
as already pointed out by refs. [6, 8]. The previous authors mention that, for short times, initial value problem
and non-modal analysis are closer to non-linear simulations results. In particular, the quasi-steady-state assumption
means that the resulting eigenvalue problem is solved with a frozen base state. This assumes that the growth rate of
the perturbations to be much faster than the rate of change of the base state. As expected, excellent agreement is
found at latter times (t∗ = 0.1) for Pe < 5000. For Pe = 5000, non-linear interactions occur and the perturbation can
no longer be described by Eq. (21). Note that the linear description of the instability could be still valid at the time
t∗ = 0.1 if the flow is initially perturbed by only one wave-number instead of being excited on the whole spectrum.
This more accurate strategy required to run a simulation (two precisely for the perturbed and non-perturbed cases)
for each wave-number of interest. This becomes rapidly unpractical if one wants to study the time evolution of the
instability as the relevant wave-numbers where σ > 0 depends on time and shift toward smaller wave-numbers as time
progresses.
Diffusion acts as a stabilization factor by smoothing perturbations and heading to a homogeneous mixture. Hence,
as shown in Figure 4, the instability is more dominant at higher Péclet numbers. A lower fluid dispersion expands
the range of unstable wave-numbers and increases the growth rate. The cutoff wave-number increases with the Péclet
number, whereas it has a very limited influence on the threshold wave-number. This can be easily seen on neutral
stability curves (contours of σ = 0) plotted in Figure 5. The differences from the bell-shaped curve are due to the
non-linear interactions. The area above the neutral curve defines the region of instability whereas the area below
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FIG. 3: Dispersion curve for Pe = 2000 at various times from t∗ = 0.005 to t∗ = 0.1 with a time step of ∆t∗ = 0.05
between each curve. The color gradient of the lines denotes the time evolution. (nx = 4000, ny = 4000).
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FIG. 4: Dispersion curves for R = 3 at t∗ = 0.01, 0.1 with different Péclet values. Lines stand for the simulation and
the symbols are data obtained by a linear stability analysis from Ref. [7]. (nx = 4000, ny = 4000).

the neutral curve corresponds to a negative (stable) growth rate. As described earlier, this region increases with the
Péclet number. The minimum (t∗crit , kcrit ) on the neutral curves is the limit that below the perturbation is stable. It
is interesting to note that we can also define a critical Péclet number Pecrit , and its value depends on the time. For
Pe = 500 and Pe = 1000, the flow is initially stable then becomes unstable at latter times whereas for Pe = 5000 at
t∗ = 0 the flow seems already unstable. For very short times, the growth of the interface caused by large diffusion (low
Péclet numbers) surpasses the exponential growth of the perturbation. This also implies that, as expected, there is a
minimal critical Péclet number, such as the flow is always stable when the diffusion is large enough. Nonetheless, more
simulations with smaller time steps and various Péclet numbers should be performed to quantity this phenomenon
and dismiss transient numerical artifacts, especially for large Péclet numbers. When plotted in a logarithm scale
according to the times, straight lines are obtained for the most dangerous and cutoff wave-numbers, as we can infer
from Figure 5. For a log viscosity ratio R = 3, the most dangerous wave-number decreases rapidly then slower as
kmax ∼ t∗ −0.26 compared to the cutoff wave-number where kc ∼ t∗ −0.36 . All of these observations are consistent with
the results presented in Reference [7], and this shows that the present model is adequate to study the linear-stage of
the instability.
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FIG. 5: Neutral stability curves (σ = 0) for different Péclet numbers at R = 3 according to the time and the
wave-number. Dashed lines represent the most dangerous wave-number kmax . For t∗ > 0.035 and Pe = 5000,
non-linear interactions take place and the most dangerous wave-number is not plotted. (nx = 4000, ny = 4000).

3.

Intermediate times

Figure 6 shows a sequence of snapshots of a simulation at R = 3, Pe = 2000. At early times (t∗ ≤ 0.1), the sharp
interface diffuses and begins to deform. This stage is called the linearly unstable regime, and linear stability analysis
tools are suitable to describe the instability as shown previously. Afterward, many thin fingers develop, and strong
linear interactions take place as seen at t∗ = 0.46, 1.07, 3.05. These can be identified as spreading, shielding, fading,
and coalescence. A brief definition of these phenomena found in the literature is given hereafter. By spreading, we
refer to the process whereby one finger is slightly ahead of others. The finger grows very quick, and the gradient
steepens between the finger and the surrounding more viscous fluid. The finger may then widens at the tip and shields
the growth of the smaller neighboring fingers. Few thin fingers fade and diffuse in the ambient fluid resulting in a
region of intermediate viscosity. The coalescence phenomenon describes the merging of two or more fingers together.
This mechanism is fundamental since it is the merging of smaller fingers in the nearby dominant finger that keeps
supplying the latter with less viscous fluid as we can see from the third snapshot of Figure 6. The present dynamics
of the simulation is rich displaying all major mechanisms. For higher Péclet numbers, the flow also exhibits more
complex behaviors such as tip splitting, when a finger splits into two at the tip and side branching when a finger
splits at its side [1, 2]. These fascinating interaction mechanisms lead globally to a coarsening of the fingers in the
transverse direction and growth of the fingers in the longitudinal direction. The number of fingers and the intensity of
these interactions increase with the Péclet number and the log-viscosity ratio. Finally, for t∗ > 3, the few remaining
fingers grow at a constant rate. At the very late times (not observed here, see the discussion in Ref. [2]), the fingers
should mix with the ambient fluid and are convected at a given speed close to the injected velocity. The length of the
fingers should stay roughly the same since the interface is diffuse enough to smooth out the viscosity and concentration
gradients.
A convenient way to describe the global dynamic is by observing the evolution of the mixing length, which is defined
here as the distance where the transverse average molar fraction is included between 0.89 and 0.11. In Figure 7, the
mixing length multiplied by the Péclet number is represented with a logarithmic scale according to t∗ × Pe for various
Péclet numbers at R = 3. With this particular scaling, all the curves are superimposed. Two different regimes are
clearly
√ visible. In the first regime, the diffusion dominates the growth of the mixing length, which is proportional
to t∗ as in the case of no viscosity contrast (R = 0, pure diffusion). Afterward, a transition regime may occur
depending on the Péclet number. In the second regime, the growth of the mixing length is linear in time, suggesting
that the advection now dominates. As the instability is more intense, the transition time decreases, and the duration
of this transition increases. During this transition, strong non-linear interactions occur as it can be seen in Figure 6
at t∗ ≈ 0.46, 1.07, 3.05.
We would like to make a few remarks concerning the mixing length. This quantity is not appropriate if one wants to
determine the time when fingers become visually perceptible. Actually, when the perturbations start to interfere nonlinearly, such as at t∗ ≈ 0.1 for Pe = 2000, the deformation of the interface is imperceptible. Fingers become noticeable
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FIG. 6: Instability development for R = 3, Pe = 2000 at t∗ ≈ 0.15, 0.46, 1.07, 3.05, 6.10. The whole domain
(nx = 8192, ny = 512) is plotted. The color-map (black-red-yellow-white) represents the variation of the molar
fraction from x1 = 0.9 to x1 = 0.1. Same scaling is used for both x and y-axes.
later during the diffusion-dominated regime and before the advection-dominated regime, as shown in Figure 8. A
better measurement of the visible onset of the fingers is given by a sudden growth of the interfacial length,
ZZ
1
(26)
linter (t) =
[(∂x1 /∂x)2 + (∂x1 /∂y)2 ] 2 dxdy,
caused by the surge of the transverse gradient of the molar fraction [46]. In any case, both indicators increase earlier
and reach larger values for higher Péclet numbers revealing a more intense instability.
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FIG. 7: Temporal evolution of the mixing length (left) and the interfacial length (right) for different Pe. (nx = 4000,
ny = 2000 and R = 3).

B.

Viscous fingering with three species
1.

Physical context

In the previous results, the relation between the viscosity and the concentration is given by Eq. (7) and not the
exponential dependence usually found in the literature (see ,e.g., [1, 6, 7]). However, the calculated growth rates are
in good agreement with Ref. [7], as shown in Figure 4. This could be expected as, for binary mixture, Fick or Maxwell
approaches for diffusion are equivalent, and for species having the same molecular mass, the mixture viscosity µ1 + µ2
has a similar shape as µ0,2 e−Rx1 . For a binary mixture with species having different molecular masses, the variation
of the mixture viscosity according to the mixture composition is more complex, and it can be non-monotonic, i.e.,
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FIG. 8: Temporal evolution of the normalized interfacial and mixing lengths at Pe = 2000. (nx = 4000, ny = 2000
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the maximum of the mixture viscosity can take place at intermediate molar fractions. The behavior of the instability
is then much more complex. A linear stability analysis shows that all non-monotonic viscosity profiles, irrespective
of their end-point viscosities, become unstable [47]. This means that viscous fingering effectively occurs if the Péclet
number is sufficiently high. Significant differences in the (non-linear) development of fingers between monotonic and
non-monotonic viscosity profiles are explained in Ref. [48]. Due to the stable barrier in the non-monotonic profile,
fingers spread further in displacing fluid than in the displaced fluid. Moreover, Hota and Mishra [49] observe that
three important parameters characterize the non-monotonic viscosity profile, namely, endpoint viscosity contrast,
maximum viscosity, and the concentration that maximizes the viscosity. In the favorable case, the instability could be
triggered more rapidly when the maximum viscosity and concentration that maximize the viscosity are increased. For
the present simulations these parameters are not directly imposed but are related to the ternary diffusion mechanisms
induced by the diffusion matrix Eq. (35).
More complicated configurations can happen in the case of reacting mixture A+B → C depending on the properties
of the reactants and the product. The viscosity profile can be monotonic or non-monotonic and changes in time
according to the diffusion and reaction rates. Some phenomena are identical to those observed in the viscous fingering
of a finite slice [46] because of the finite-size of the chemical reaction zone. De Wit and other authors study numerically
and experimentally the influence of the reaction on the viscous fingering instability, see Refs. [16, 50–54]. Nonetheless,
they do not focus on the diffusion involved by the reactants and the product of the chemical reaction. Most of the
analyses assume a generalized Fick formulation with the same or a constant Fick diffusion coefficient for all species,
which is generally incorrect. Finally, let us mention the pioneered work of Mishra et al. in reference [55]. The
advantage of the set of equations proposed in the previous letter is that they can mimic numbers of different cases
from the influences of temperature to the influence of multiple species. In particular, the authors highlight different
scenarios of viscous fingering in the case of a fast diffusing component and a slow diffusing component, which modify
the viscosity of the mixture. Each advection-diffusion equation is simulated with a constant Fick diffusion coefficient.
Nevertheless, if we solely focus on ternary mixtures, a complete description of the ternary diffusion by the generalized
Fick law should require at least four non-constant Fick diffusion coefficients and two associated diffusive fluxes for
each advection-diffusion equation, and the last species is deduced from the difference between the total mass of the
mixture and the mass of the first two species [56].
Fick’s law seems easier to manipulate and gives a direct relationship between the molar fluxes and the gradient
of the molar fraction. Nonetheless, its application to three and more components has severe flaws and could lead
to some misconceptions of mass transfer. A Maxwell-Stefan approach to mass transfer, which is equivalent to the
fiction forces introduced in the present model [Eq. 9], is more adequate for three and more species as we will explain
below. The conceptual difference between these two formulations is that the Maxwell-Stefan approach assumes that
diffusive fluxes (velocities) difference results in concentration differences, and on the other hand, the generalized
Fick formulation deduces the diffusive fluxes from the concentration differences. The multi-component Fick diffusion
coefficient D should not be confused with the Maxwell-Stefan (also called binary) diffusion coefficients D. For a
mixture of two species, both coefficients are equivalent. For three components and more, a Fick-like formulation is
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still possible (see Eqs. (27-29) below), but it is often inadequate because the Fick diffusion coefficients are not as
practical as the Maxwell-Stefan diffusion coefficients. First, four Fick diffusion coefficients are needed to describe a
ternary mixture. These coefficients may be positive or negative, are usually non-symmetric, and vary according to the
mixture composition. Besides, Dmn has less physical meanings in that it does not reflect the m − n interactions, and
their numerical values depend on the particular choice of component numbering. Finally, the multi-component Fick
diffusion coefficients have to be manipulated with great care since they depend on the choice of the associated fluxes.
In contrast, the Maxwell-Stefan diffusion coefficients are symmetric positive. Their values can be computed from the
kinetic theory of gases and are related to the physical interactions between molecules. For instance, if Dmn > Dmo
then there is more friction (collision) between the molecules of species m and o than between the species m and n.
More details concerning the basics of multi-component diffusion can be found in Ref.[56]. A correct description of
a mixture composed of three and more species is of fundamental importance. Non-trivial effects can occur during
the mixing, such as osmotic diffusion (diffusion of a species with a null concentration gradient), reverse diffusion
(diffusion of a species in the same direction of its concentration gradient), and diffusion barrier (no species diffusion
although the species has a non-zero concentration gradient). The present lattice Boltzmann scheme is valid whatever
the number of species composing the mixture [18], and for this reason, it is a convenient tool to study the viscous
fingering instability of a mixture of three species.
As we saw previously, the viscous fingering instability is governed by diffusion and viscosity. Unlike in binary
mixtures where each species diffuses at an equal rate (D12 = D21 ), in ternary mixtures the components can diffuse
at different rates (D12 6= D13 6= D22 ). Also, multi-component effects such as reverse diffusion, osmotic diffusion, and
diffusion barrier may take place, and the overall diffusion dynamics become more complex. While in binary mixtures,
we have x1 = 1 − x2 and ∇x1 = −∇x2 , these constraints on the molar fractions in ternary mixtures are less strict:
x1 + x2 + x3 = 1 and ∇x1 + ∇x2 + ∇x3 = 0. In consequence, since the viscosity depends on the mixture composition,
the viscosity evolution could change significantly compared to the binary case. In this section, we will focus on a
particular flow configuration in order to highlight the non-negligible effect of ternary mixtures. The case where viscous
fingering instability is induced by reverse diffusion has, to our knowledge, not been investigated yet and is presented
here. However, it is to be highlighted that the following simulations will be presented as a ”numerical experiment” to
demonstrate the importance of reverse diffusion rather than a real situation because experimental data with species
satisfying the present conditions are, to our knowledge, not yet treated in the literature.

2.

Numerical configuration

The numerical setup is very similar to the one for two species, but the invading and displaced fluids are here
composed of different species. The mixture consists of three species in different quantities having equal molecular
masses. The composition of the invading and displaced mixtures is given in Figure 9. The molar fractions of the
first and second components follow a similar step-like initial concentration profile, such as in the case of the binary
mixture. Note that here the first component is less present than the second component in the invading mixture and
vice versa in the displaced mixture. The third component is in equal amounts in both invading and displaced fluids.
Before defining additional physical parameters, we would like to present how this ternary mixture will be visualized.
Each species is associated with a Red-Green-Blue (RGB) color channel. With this strategy, one is able to deduce the
mixture composition from one single color-map similar to the case of a binary mixture. The color depicted in Table
9 corresponds to the RGB color mixing, coloring the invading fluid in a green-blue tone and the displaced fluid in
purple. Therefore, in the following, the first, second, and third components will be referred respectively to as the red,
green, and blue components.

Molar fractions Invading fluid Displaced fluid
x1 (R)
0.1
0.45
x2 (G)
0.45
0.1
x3 (B)
0.45
0.45
RGB color

1000

0

0

1000

2000

3000

4000

5000

6000

7000

FIG. 9: Left: Composition of the invading and displaced mixtures. Right: Initial state of the computational domain.
The diffusion coefficients are set such as the blue component will be subject to reverse diffusion. This can be
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estimated by means of the generalized Fick formulation in the case of pure diffusion:
J2 = −ct D22 ∇x2 − ct D23 ∇x3 ,
J3 = −ct D32 ∇x2 − ct D33 ∇x3 ,
and J1 = −J2 − J3 ,

(27)
(28)
(29)

where Jm is the molar flux of component m and ct is the total molar concentration. We want J3 < 0 and since
∇x3 = 0 and ∇x2 = (< 0, 0)T , we should have D32 < 0. We recall the definition of the generalized Fick diffusion
coefficients:
D22 = D23 (x2 D13 + (1 − x2 )D23 ) /D̂

(30)

D33 = D13 (x3 D12 + (1 − x3 )D23 ) /D̂,

(32)

D23 = x2 D12 (D12 − D23 ) /D̂,

(31)

D32 = x3 D12 (D13 − D23 ) /D̂,

(33)

with D̂ = x1 D23 + x2 D13 + x3 D12 .

(34)

Hence, we should set D23 > D13 in order to observe reverse diffusion. We choose the following diffusion matrix


Lref U  0 1 0.1
1 0 1 ,
(35)
Dmn =
Pe
0.1 1 0
with Pe = 5000, U = 2 × 10−3 lu, the Darcy number is unchanged, Da = 6.25 × 10−8 , and the porous medium is
simulated using the Brinkman force strategy. Pure viscosities are set based on Re0,1 = 10 and R12 = ln(µ0,1 /µ0,2 ) = 0,
R13 = ln(µ0,1 /µ0,3 ) = 3. The red and green components which vary on either side of the miscible interface have the
same pure viscosity, whereas the pure viscosity of the blue component present in equal amount in the domain is
approximately twenty times lower. Compared to the binary case, the boundary conditions are modified. We still
use the non-equilibrium bounce-back, which prescribes for each species either a pressure or a velocity at boundary
nodes. For a mixture composed of two species, we impose a velocity, and small changes of partial pressure (mixture
composition) occur. In the case of three components, the variation of the mixture composition at boundaries compared
to the initial target fluid becomes important, so we choose to impose the pressure at both boundaries using Eq. (16)
adapted for three species. One can note that this could introduce a slight decrease in the inlet velocity when simulation
progresses, and thus the Péclet number should be interpreted carefully in the latter times.

FIG. 10: Snapshot of the viscous fingering induced by reverse diffusion at t∗ = 3. A portion of the whole domain
(x = 4100 − 4800, y = 0 − 2000) is plotted using the same aspect ratio for both x and y-axes. The plot is rotated by
90◦ . The invading fluid is flowing from the bottom to the top of the figure.
Given the initial state pictured in Figure 9, both invading and displaced mixtures have the same viscosity. Then, if
the diffusion coefficients have all the same value, this reduces to a binary mixture as the first and second species are
identical, and as expected, the flow is stable when both invading and displaced fluid viscosities are equal. However if
we set the diffusion matrix as in Eq. (35), fingers develop as pictured in Figure 10 although the initial configuration
is stable. This scenario was one of the possible predicted in Ref. [55], and the dynamic of the instability is studied in
two stages as in the case of two species. First we will focus first on the linear development of the instability at early
times, then we explore the dynamic of the fingers at intermediate times.
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3.

Early times

Similarly to the two species case, dispersion curves are plotted using Eq (25). As explained in Section III A 1, a fine
grid (nx = 4000, ny = 4000) is employed to capture all the small scales accurately at early times. Other parameters
are the same as stated in the previous section. We first observe in Figure 11 that the three species have different
growth rates. As we may infer from the diffusion coefficient D13 of Eq. (35), the instability is triggered by diffusion
and the third (blue) component plays a peculiar role that will be explained in detail in the next section. The blue
species exhibits a high and positive growth rate, which decreases as the time progresses like in the binary case. On
the contrary, the growth rate of the first and second species are first negative. The growth rate of the red species
increase more rapidly than the green species and then both decline as the blue component. At identical times, the
growth rate of first and second species are lower compared to the third (blue) species. This suggests that the blue
species is actually the driving force of the the instability onset. Interestingly, the growth rate of all species seems to
converge to the same value. In particular, for t∗ ≥ 0.05 the most dangerous and the cutoff wave-numbers are very
similar for the three species as visible on Figure 12. Using a linear interpolation, we find kmax (t  0) ≈ 457 and
kc (t  0) ≈ 1220, which is in the same order of magnitude as in the binary case for Pe = 5000.
Although the linear approach of the early times predicts an equivalent growth rate for the three species, we will
observe in the next section that the development of the fingers during intermediate times is different depending on
the species.
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FIG. 11: Dispersion curve for each species at various times from t∗ = 0.005 to t∗ = 0.1 with a time step of
∆t = 0.05 between each curve. The color gradient of the lines denotes the time evolution. (nx = 4000, ny = 4000).
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4.

Global dynamics

The global dynamics of the instability could be split into three distinct regimes:
a -instability onset caused by reverse diffusion: t? < 1
The fingering is actually caused by the reverse diffusion as inferred by Figures 13 and 14. At the beginning of
the simulation, the blue and less viscous component is uniformly present. However, the blue component starts to
diffuse from the displaced to the invading mixtures (osmotic diffusion) and keeps diffusing in the same direction as its
concentration gradient (reverse diffusion: from low to high concentration) and against the main flow. The temporal
evolution of the blue component mass fraction at the interface (Figure 13) shows an initial decrease of the mass
fraction due to the mass transfer of the blue component from the displaced fluid to the invading fluid. This decrease
induces a lower viscosity of the invading fluid which creates a favorable situation for the viscous fingering instability.
When the viscosity of the invading fluids becomes small enough, the instability begins: fingers start to develop and
counter-act the decrease of the blue species at the interface of the invading and displacing fluids (where x1 = x2 ).
Indeed, as for the two species case, an interfacial length could be defined for each component, and it starts to increase
drastically from t? = 1 as seen in Figure 15.
b - diffusive regime: 1 ≤ t? < 1.6
Then, after t∗ = 1 the growth of the initial fingers brings some blue component into the displaced fluid and an

16
0.10

species 1
species 2
species 3

0.08

σm > 0

t∗

0.06

0.04

0.02

0.00 0
10

101

102

103

k

FIG. 12: Neutral stability curves (σm = 0) according to the time and the wave-number. Dashed lines represent the
most dangerous wave-number kmax .
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FIG. 13: Temporal evolution of the mass fraction of the blue component recorded at the interface.

increase of the mean transverse concentration of the blue component at the interface is clearly visible. As in the two
species case, it is possible to define a mixing length associated with each species. For the red and green components,
the mixing length corresponds to the distance where the transverse molar fraction is included between 0.11 and 0.44.
On the other hand, there is no simple endpoints for the definition of the mixing length of the blue component since
the minimal and maximum transverse average molar fraction changes dynamically because of the reverse diffusion
and the development of the instability. For t? < 1.6, the mixing length
is dominated by the diffusion, the fingers
√
length remains smaller than the diffusion length which evolves with t? (Figure 15).
c - convective regime: t? ≥ 1.6
At t∗ = 1.6, the convective behavior of the instability starts to be visible. The length of the fingers becomes larger
than the diffusion length. The mixing length is dominated by the growth of the fingers and is now proportional to
t? (Figure. 15). A concentration plateau for the blue component appears until the breakthrough of the fingers takes
place increasing the mean transverse concentration of the blue component in the upstream direction and decreasing
it in the downstream direction, as seen in Figure 14 at t∗ = 2.1, 3.8. Notice that the effective viscosity ratio is lower
and makes the instability less intense compared to the binary case with the same Péclet number. We recall that the
mixture viscosity is computed a posteriori, whereas only partial viscosities are employed in the model. At this point
in the instability development, the interface between the invading and displaced fluids is significantly deformed. In
consequence, the mean transverse concentration and viscosity are no longer appropriate to describe the variation of
the concentrations and viscosities.
These three regimes depict the global dynamics from the invading and displaced fluids’ point of view. However,
some local descriptions could be made to describe further the dynamics at the component level. Indeed, fingering
refers usually to the deformation of the interface between the invading and displaced fluids, but the dynamic of each
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component constituting the mixture varies greatly. Despite the fact that at the end of the linear stage of the instability
the growth rate of the three species become similar, the dynamic of the non-linear stage is different for each species. The
blue-colored fingers highlight the displacement of the blue component because of the instability, but the contour-plots
indicate also some variations of the interface for the first (red) species. In Figure 16, the molar fraction of each species
is plotted. The right figure shows that some fingers are composed of a very high concentration of the blue component.
Counter-fingers, which move from the right to the left, have a minimal molar fraction of x3 = 0.34. We underline
that reverse diffusion still occurs and tends to reinforce the fingers and limits the development of counter-propagating
fingers of low concentration. The interface of the red component is also significantly deformed. The invading fluid
penetrates the displaced fluid primarily through the low viscosity fingers caused by the blue component and avoids
the zone of high viscosity. In consequence, small fingers of low concentration of the red component develop. One can
notice that, on the contrary, the interface of the green component seems symmetrically diffuse. This phenomenon
can be explained via the diffusion matrix Eq. (35). Since D13 < D12 , the red component diffuses predominantly
in the green component compared to the blue component, that is why small fingers of low concentration of the red
component are visible in fingering caused by the blue component. In other words, the red component is dragged along
by the fingers of the blue component. Concerning the green component, we have D12 = D23 , and it diffuses in both
species equitably.
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With the numbers of different possible configurations of viscosities and diffusion coefficients, a complete parametric
study is out of the scope of the present work. Nonetheless, some dramatic changes due to subtle effects have been
highlighted when considering complex diffusion in multi-component flows.

IV.

CONCLUSION

The interactions between two (or three) miscible components are described by a miscible lattice Boltzmann model.
The core ingredients of the instability are related to the molecular diffusion and the viscosity discrepancy, or more
specifically for the aforementioned lattice Boltzmann model: inter-molecular friction forces and partial viscosities.
Generally, the instability occurs when a less viscous fluid displaces a more viscous fluid in a porous medium. The
viscous fingering is studied first in the case of a binary mixture. At early times in the linear regime, the growth rate
of the perturbation is calculated for different Péclet numbers. The growth rate, as well as the most dangerous and the
cutoff numbers, increase with the Péclet number. A good agreement is found with a linear stability analysis where a
quasi-steady-state-approximation is used. For intermediate times when strong non-linear interactions take place, the
development of the instability is described globally through the mixing length. A high Péclet number leads to more
intense instability. Two regimes are visible. The growth of the mixing length is dominated first by diffusion and then
by convection. The comparison with the literature, quantitatively for early times and qualitatively for intermediate
times agrees well. This is very encouraging and gives much credence to the lattice Boltzmann model proposed in
Ref. [18]. Indeed with a different approach based on the lattice Boltzmann method, we accurately recover the physics
of the binary viscous fingering instability.
The results on ternary mixtures have shown that the reverse diffusion (and multi-components diffusion effects)
could be one of the essential elements of the viscous instability. Indeed, we pointed out that two fluids of the same
viscosity but composed of three species may generate a fingering instability depending on the composition of the
mixture and the diffusion coefficients, whereas this configuration is stable for binary mixtures. Therefore, the study
of the viscous fingering instability of three and more components should be performed with a complete description
of multi-component diffusion in order to take into account this phenomenon. More generally, the use of generalized
Fick’s law with the assumption of constant diffusion coefficients for viscous fingering simulations of three and more
species excludes some non-trivial diffusion interactions, which may cause an unstable configuration. From these
results, control of the instability could be possible by adding a particular component in a mixture, which could switch
the instability on or off through diffusion dynamics only. This latter point should be the purpose of further studies
with numerical and experimental investigations.

ACKNOWLEDGMENT

The authors acknowledge the referees for their constructive remarks and criticisms which have led to noticeable
improvements of the paper. This work was performed using HPC resources from GENCI-CINES (Grants 2019A0072A10636 and 2020-A0092A10636)

Appendix A: Effects of Darcy’s number

In the present model, the porous media is included explicitly via the forcing term Eq. (12). The resulting macroscopic
equations presented in Ref. [18] have to be supplemented by the aforementioned porous drag force. In consequence, it
is not possible to separate the effect of Darcy’s term and Stokes’ terms (leading to the Brinkman equation Eq. (10))
in the computational LMB model. A small Darcy’s number Da = 6.25 10−8 is selected (that is equivalent to K = 1
in the lattice unit system, but any other small Darcy’s numbers could be chosen) such as the contribution of Darcy’s
term is preponderant, and makes possible to compare with the literature where Darcy’s law is used.
The role of Darcy’s number, that is to say the importance of the viscous stresses, on the development of the viscous
fingering instability could be non-negligible although most of the literature is based on the use of Darcy’s law. In
reference [57], Logvinov et al. show that viscous forces acting in the plane of a Hele-Shaw cell plates can influence
the width of viscous fingers for miscible fluids. Nagel and Gallaire [58] observe that the in-plane stresses accounted
by the Brinkman model decrease the growth rate for high wave-numbers, and the resulting linear stability analysis
agrees better with experimental observations for radial viscous non-miscible viscous fingering. This effect on the grow
rate is also noticeable with the present model as shown in Figure 17 at the very beginning of the instability.
Unfortunately, the computational model and the chosen parameters in this study limit the range of exploitable
Darcy’s numbers. Stable simulations are currently obtained for 10−9 ≤ Da ≤ 10−6 . This range of Darcy’s numbers is
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too narrow to explore thoroughly this effect and should require a subsequent study.
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